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Computing the eigenvalue density and inner eigenvalues of
large sparse matrices are important tasks in quantum physics
and chemistry. In these communities numerical schemes
based on the evaluation of Chebyshev polynomials are used
to solve the corresponding sparse eigenvalue problem: The
Kernel Polynomial Method (KPM, [16]) for the former and
Chebyshev Filter Diagonalization (ChebFD, [13, 3]) for the
latter. Conceptually, both algorithms have a lot in common
and are equally well suited for high-performance large scale
computations. In their basic formulation, the most time
consuming operation is sparse matrix-vector multiplication
(SpMV), accompanied by several vector-vector operations.
In comparison to KPM, the ChebFD scheme requires one ad-
ditional vector-vector operation and a block vector orthogo-
nalization step (comprising dense matrix-matrix operations
of tall and skinny dense matrices) of the search space after
a number of Chebyshev steps.
Firstly, we identify the main memory bandwidth as the rel-

evant architectural bottleneck for the algorithms. Based on
this knowledge, we then reformulate the algorithms using
kernel/loop fusion and vector blocking. Kernel fusion is an
ever-relevant optimization technique to avoid unnecessary
data transfers. Recent research in the context of GPU pro-
gramming can be found in [14, 15, 12]. Park et al. have em-
ployed kernel fusion in recent work on the High-performance
Conjugate Gradient benchmark [10] and Nelson et al. are
developing a domain-specific compiler for automatic kernel
fusion of BLAS calls [9]. Vector blocking entails the combi-
nation of multiple (dense) vectors into a vector block. Fun-
damental research on performance implications of this opti-
mization technique in the context of SpMV has been con-
ducted by Gropp et al. [4] and recently attained renewed
attention ([7, 1, 2]). The computational intensity of the
algorithm increases with the number of vectors put in the
block. Applying both optimizations, the asymptotic (with
respect to the number of vectors in the block) computational
intensity of the KPM algorithm can be improved by a factor
of ten. The resulting compute kernel, which we call “aug-
mented sparse matrix-multiple vector multiplication”, shows
the expected increase of computational intensity and allows
decoupling from main memory bandwidth while shifting the
performance bottleneck towards on-chip resources.
As the optimized algorithm comprises custom kernels we
can no longer use existing libraries but need to implement
it manually. We present an implementation which is part of



our software library GHOST (“General, Hybrid, and Opti-
mized Sparse Toolkit”, [6]). GHOST is designed with highly
efficient execution on heterogeneous compute architectures
in mind. Unlike most of the existing heterogeneous software
([11, 8]) it features data-parallel execution of sparse linear
algebra computations across different devices. It uses the
SELL-C-σ sparse matrix storage format as proposed in [5]
which shows good performance on all relevant compute ar-
chitectures. Further capabilities like automatic code genera-
tion and manually vectorized and fused kernels lead to very
high efficiency. Our software development process is guided
by suitable Roofline-like [17] performance models to validate
the efficiency of our implementations.
We present performance data for the application scenario
of novel topological materials. We illustrate how the al-
gorithmic optimizations increase the single-device and het-
erogeneous CPU+GPU performance on a single node. The
CPU/GPU-only performance can be enhanced by 4.8/2.3x
due to algorithmic optimizations and an efficient implemen-
tation. The parallel efficiency of single-node heterogeneous
runs (i.e., one Sandy Bridge host equipped with an Nvidia
Tesla K20X GPU) is close to 90%. Heterogeneous execu-
tion especially pays off for the fully optimized compute ker-
nel, where we achieve a 40% performance gain compared
to GPU-only execution. For the orthogonalization step of
ChebFD we present performance data of our custom dense
matrix-matrix multiplication (for tall and skinny dense ma-
trices) in comparison to the BLAS libraries Intel MKL and
ATLAS. Our implementation exhibits substantial perfor-
mance gains for small block sizes. Finally, we demonstrate
the scalability of our KPM code on up to 4096 heterogeneous
nodes of Piz Daint, Europe’s largest TOP500 machine with
over 5000 nodes (each equipped with an Intel Sandy Bridge
CPU and an Nvidia Kepler GPU). For an originally sparse
linear algebra algorithm, we achieve over 0.5 Pflop/s of per-
formance which corresponds to 11% of LINPACK efficiency.
In our largest run of the KPM, the underlying sparse system
matrix holds more than a hundred billion complex double
precision values. For ChebFD, we performed experiments
to compute the 100 innermost eigenpairs of a matrix with
1 billion rows on up to 512 Haswell nodes of SuperMUC,
achieving a sustained performance of 85 Gflop/s per node
for our sparse matrix eigenvalue solver.
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